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INTRODUCTION 
The results presented in the paper are : the doctrine of 
turbulence description (the turbulence metatheory) and the 
phenomenologi cal (continuum) theory of turbulence as one of the 
node theories of the proposed turbulence metatheory. 
The turbulence problem can be considered from aspects 
related to different scientific disciplines: mathematics, 
mechanics, theories of instability and chaos, synergetics, 
informatics, technical sciences (engineering) and others. The 
proposed metatheory allows to consider many of these aspects in 
the framework of a single doctrine. The doctrine is based on the 
treatment of different theories of turbulence (based on different 
paradigms and describing the media behaviour in the terms of 
fixed codes) as elements of a certain system. 
The full system analysis of different turbulence 
descriptions is not the matter of this paper. We use the 
formulated principles of turbulent metatheory only with one aim 
in view to determine the place of phenomenologi cal (continuum) 
theory of turbulence in the whole set of different theories of 
turbulence. 
The proposed theory treats the turbulent media as a 
stochastic system with hierarchy of structural levels (arising 
from the simultaneous existence of processes with different 
time-space variability) in turbulent media and as a continuum 
with the property of rotational asymmetry (arising from the 
existence of some prevailing orientation of rotation to turbulent 
eddies in a turbulent media). The former relates the description 
of turbulent motions to the theory of hierarchical stochastic 
systems, and the latter - to mechanics of continuums with 
internal rotating degrees of freedom. 
In many cases equations of motion of the proposed theory can 
be integrated analytically. The existence of series of analytical 
integrals facilitate the analysis of situations under 
consideration. In several cases the calculated quantities are 
compared with the corresponding experimental data. 
The presented results were obtained mostly in the period of 
1972-1984 (Heinloo 1980, 1981, 1982a,b, 1984; Heinloo and Toompuu 
1980, 1981, 1982; Toompuu and Heinloo 1980; Nemirovski and 
Heinloo 1976a,b,с, 1977a,b, 1978a,b, 1979, 1980 , 1982 ; Makarenko, 
Nemirovski and Heinloo 1979). The results of the this period were 
generalized and summed up in the monograph "Phenomenological 
Mechanics of Turbulent Flows" (He in loo,1984). Some of the results 
published in the monograph were accepted earlier by the 
Novosibirsk University as an elective subject for students of 
physics and mathematics (Nemirovski and Heinloo: 1980,1982). 
My occupational activitities in the period of 1984-1991 were 
mostly characterized by the endeavour to put the proposed theory 
into practice in the marine research (Heinloo and Vôsumaa 1987; 
Vôsumaa and Heinloo 1989, 1990a)b),c); Toompuu, Heinloo, Soomere 
1989). Two of the obtained results: dealing with Gibraltar salt 
anomaly and modelling vertical structure of the sea are shortly 
summarised at the end of the paper. 
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THE GENERAL DOCTRINE FOR DESCRIBING TURBULENT MEDIA 
I. The turbulence metatheory. 
The turbulent media can be considered as material systems 
with specific space-time structure. This structure can be 
presented on different structural levels corresponding to 
different decompositions of the media. 
It follows from the essence of turbulent media as system 
with different structural levels that the descriptions of 
turbulence based on different conceptions (paradigms) of their 
structure and on different information coding levels can be 
considered as a system. (The codes - the sets of signs uniquely 
fixing the states of the system on the fixed levels of their 
description.) The elements of this "system of theories" are the 
node theories where every node theory is based on an independent 
paradigm and based on the fixed code. The connections between the 
two different node theories are formulated as recoding theories. 
The recoding theories bind the set of node theories in a system. 
The amount of different node theories depends on the number of 
structural levels under consideration and is organized according 
to the code network. In the case of three-level presentation of 
the structure of turbulent media (the canonical, the Navier-






( 1 )  




The codes and node theories presented in (1) 
Ma i n signs of node codes Equations of motion 
P.Я canonical variables 
- oH - oH -the Hamilton's p =  — q =  —  
oq op equations 
f(p,q) - probabi 1  i ty 
di stribut ion for p,q f = [H,f] - the Liuwilie eq. 
F(f ) probabi 1  ity 









ç( v + v * Y 7 v )  =  -Y7p+y A v  +  of 
- the Navier-Stokes eq. 
f  =  ( V ,  .  
..) - probabi1 ity 
d i s t r i b u t i o n  f o r  v  
the Hopf eq. 
<v> averaged 
veloc ity 
eq. of phenomenologi cal 
(continuum) theory of 
turbulence (Heinloo) 
(overbar denotes vector; [ , ] is the Poisson's brackets; 
<P=JF(F)expi(0*f)df - the characteristic functional, © - an 
arbitrary function; D is the variation derivative; a dot above 
the signs denotes the partial derivative o/ot and between the 
signs a scalar product. ) 
According to (1) , in the case of three level presentation 
of the structure of turbulent media, the total amount of the node 
theories is equal to 6. The node theories of the same 
determination level describe different qualities of the media 
with the same horizon of predictability. The lower the structural 
level the higher the information coding level in terms of which 
the description quality is expressed. The node theories of the 
same structural level describe the different qualities of media 
as different properties of an ensemble of realizations with 
different horizons of predictability. 
The highest determination level charс ter i zes the most stable 
properties of turbulence media. Any description based on the 
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lowest determination levels can be interpreted as the local (in 
time) description of these properties. 
Besides the node theories, the code network (1) consists of 
6 recoding theories of two types : 
the recoding theories of the thirst type (kinetic theories) 
( 2 )  
V,... о <v>,... о f(v) 
f(p,q) , I f(v,... ) , о F(f) 
the recoding theories of the second type 
О О О О О rO ( 3 ) 
p,q f (p,q) , v,... f(v,...) , f(p,q) F(f) . 
The recoding theories of the first type bind two node 
theories with each other on the neighbouring structural levels. 
The f i ret recoding theory in (2) is the classical kinetic theory 
and the second - the kinetic theory of random (stochastic) 
fields. The theoretical principles of the first recoding theory 
in (2) were found by Boltzmann and developed further by Kirkwood, 
Bogoljubov, Green, Rice, Olnetty, Focker, Planck and others. The 
first works in the field of kinetic theories of stochastic fields 
were written in early 60-es by Benney, Saffman, Newell, 
Hasselmann, Keynon and Zahharov. The most interesting results in 
this field in our days are connected with investigations of 
different wave systems (Reznik, Soomere). 
It is essential to note that the determination of the 
probability distribution function f=f(p,q) as any probability, 
assumes simultaneous determination of the conditions in which the 
probabilities are formed. In the situation, considered in the 
framework of classical kinetic theory, the nesessary additional 
information is expressed in terms of the Navier-Stokes code. The 
determination of f(p,q ) presumes that the information expressed 
in terms of the Nav ier-Stokes code plays to some extent a 
permanent role relative to the statistical description of the 
media. 
The situation in the case of the second recoding theory in 
•>* 
(2) establishing accordance between statistical hydromechanics 
and the continuum theory of turbulence, is totally similar to the 
first. The circumstance that the media behaviour on the higher 
structural levels has always some permanent quality that cannot 
be derived from the information obtained in its descriptions on 
the lowest structural levels is essential. In particular, there 
is no hope to obtain the full description of turbulence based 
only on the principles of statistical hydromechanics (Monin, 
Jaglom, 1967 ). 
The main problems of recoding theories of the second type 
establishing accordance between two node theories on the 
neighbouring determination levels are connected with the 
questions of transitions "from order to chaos" and "from chaos to 
order". It is essential to note that the notions "chaos" and 
"order" are always connected with the fixed codes : the chaos in 
terms of one code may appear as order in terms of another code. 
The problems of transitions "from order to chaos" are 
connected with the theories of instability and bifurcations. The 
instability problems for p,q code have been discussed in the 
classical works of Pen 1 eve, Puancare , Bruns and for the Nav i er­
st okes code in the works of Helmholz, Orr, Sommerfeld, Landau, 
Tollmien, Sehli cht i ng et.al. The most modern problems in this 
field can be found in the works of Feigenbaum, Rue 11 and Takens. 
The investigations of the problems "from chaos to order" 
belong to the field of synergetics. The most intricate problems 
in this field are associated with the "strange attractors" 
(Lorentz), intensively discussed in the modern mechanics. 
I I. Higher level s of the presentat i on of turbulent med i a. 
The turbulent level in (1) includes all spectrum of space-
time variability of hydrodynami с fields (defined on the Nav i er-
Stokes level). In general, in turbulent media the hierarchy of 
structural levels with different space-time variability exists. 
It means that the turbulent level in (1) itself can be 
presented as a certain amount of different structural levels. In 
8 
terms of the code network it means the replacement of the code 
network (1) with a more general code network 
where : v,...;vj ,. .. ; <v>=vj^,... are the codes, fixing the states 
of media on different levels of their space-time variability. 
It is essential to underline that the different 
presentations of the media corresponding to different N in (4), 
describe always the same situation (although, with different 
completeness). It follows from the above that physical, 
mechanical and the other properties of media have to be described 
in the forms, invariant from the concrete number of structural 
levels. The mentioned requirement for invariance plays a 
significant role as a requirement for formulating the concrete 
theories of turbulence. 
The choise of a suitable number of structural levels depends 
on our concrete targets, our concept of the real structure 
(symmetry) of the media and theoretical, mathematical, 
experimental and etc. possibilities to solve the formulated 
problem. 
The signs of the name codes (the node codes corresponding to 
the lowest information coding level) can always be expressed as 
averaged functions defined by the name codes of the lowest 
structural levels. So, as any function can be presented as the 
corresponding Taylor's series, the signs of any name code can be 
expressed also through the corresponding statistical moments 
fN ( VN-1.•••) 
(4) 




defined by the signs of the name codes of the lowest structural 
levels. The last circumstance was used, e.g., in statistical 
hydromechanics as the main argument for demonstrating the 
priority of statistical descriptions of turbulent media to their 
continuum descriptions (Monin, Jaglom, 1967). Actually, the total 
amount of signs defined in the given way is infinite and no 
criteria, arising from the statistical description exists that 
allow to prefer any of the deduced signs to others. Such criteria 
follows from the qualitative specification of higher structural 
level only. 
III. The sequences of approximat ions. 
The full description of turbulence according to the 
discussed metatheory is obtained by using all codes, including 
the formulât i on of the total set of node and recoding theories. 
There exists a lot of reasons to consider this task too 
complicated to be realistic. 
There exist many possibilities to build up different 
sequences of approximates of the metatheory. For example, in the 
case of a fixed number of structural levels, the sequence of 
approximations will have the form: 
(In (5) the canonical level is omitted as usually in describing 
the turbulence) 
The first approximation in (5) presents methatheory of 
turbulence as a set of separate continuum theories. Each of these 
theories is based on dividing the described processes into two 
parts of different space-time variabilities: the processes 
considered as "parametrized" and those assumably described by the 




determination level of the theory. Assuming the scale-similarity 
of the turbulent flow field (Kuzmin, Patashinski 1972 ), the 
structure of equations of motion corresponding to different 
structural levels will have the invariant form with respect to 
the scales of the described processes. Belonging of the theory to 
concrete structural or determination level will be specified in 
this case by formulating concrete initial and boundary conditions 
for the equations of motions. 
In the second case of approximations in (5), the name 
theories on neighbouring structural or determination levels 
appear to be coupled as the name theories of corresponding 
elementary metatheor i es, 
The whole metatheory in the second case of approximations in (5) 
will be presented as the sequence of coupled N-l elementary 
metatheor i es, corresponding to each of the elementary systems 
(5' ). 
The last approximation in (5) coincides with the metatheory 
ent i rely. 
There exists many reasons for the manifestation of the 
suggested principles of metatheory in the present paper. Some of 
them could be: 1) demonstration of inescapabi1ity and the 
specific role of continuum theories of turbulence in the whole 
set of theories of turbulence ; 2) motivation of the ideological 
background of a concrete theory suggested below; 3) determination 
of the locality of a suggested theory in the whole set of 
theories of turbulence. 
The presented principles of turbulence metatheory were 




THE ORIGINS OF THE PHENOMENOLOGIGAL (CONTINUUM) THEORY 
OF TURBULENCE 
The phenomenological (continuum) theory of turbulence 
worked out by Heinloo (Heinloo, 1984) is based on the next two 
ideas. The first of them is the idea (method) of structural 
decomposition of stochastic systems (Heinloo, 1984). The 
suggested method provides simultaneous multi-scale description of 
turbulent media and enables to discuss problems connected with 
interactions between different scales of motion in turbulent 
media. The second idea concerns the problem of the symmetry of 
turbulent media and treats turbulent media as continuums with the 
special class of symmetry named rotational anisotropy. The 
rotational anisotropy can be interpretated as the essential 
feature of symmetry of turbulent media, arising from the 
orientation of the large scale eddies (Nemirovski and Heinloo, 
1980; Heinloo, 1984). 
I. The method of s t rue tura1 decompos i t i on 
The mathematical foundation for the process of increasing 
and reducing the number of structural levels has been worked out 
by Heinloo (Heinloo, 1984; pp.24-47 ). The suggested method is 
based on the interpretation of an averaging (filtration) operator 
discussed in (Toompuu, Heinloo, 1980). The specific feature of 
the suggested interpretation of an averaging process is the 
invariance of averaging rules with respect to the speciffic 
interpretation of an averaging operator (Heinloo, Toompuu, 1980, 
1981). 
According to the suggested method, any averaging 
(filtration) operator Q from the defined class of averaging 
(filtration) operators, 
Q = j...f(a)da , . 
(a denotes the sign for an arbitrary name code), can be presented 
in the form 
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Q - QNQn-I QI (4) 
where Q^,..., Q; are the operators 
Q[i] = J. .. f(a[i-1])da[i-1 ] , 
operate on different structural levels, 
< a > = a [ N NJ;) 
a[N-l \a'—. 
-yv 
aI y^ ï Z  




According to (4), any a[n]= Qn_^a[n-1] in (5) can be 
represented as the sum 
N+l 
a[n] = Z a[к]' , (6) 
k = n 
where a[n]' is defined as 
a[n] 1=a[n-l ]-a[n ] n=l,...N+l 
(a[N+l] 1  = a[N] = <a>). 
Any correlation function ab[n] can be presented in the form 
N+l 
(ab ) [n ] = Q nab = Z <a[n ] 'b[n ] ' > (7) 
ana so on. 
For example, for the full kinetic energy of media defined as 
we have 
,(n). 
E = -<v > 
2 
N + 1  (n) 1  2 E = Z E = - < v > + E 
n= 1 2 
. 2  
where E x=1 /2<v [ n ] 1  " > , E V 1* * ' =l/2<v>" and E 1  " - the turbulent .(N+1 ). 
turb 
turb 
( 8 )  
13 
4 
part of energy E (v 1  =v-<v>), 
E t u r b  = - <v-> 2  = I E ( n )  . 
2 n=l 
Any expression of the type (6), (7), (8) can be presented 
graph i al ly 
a[n], <a[n] 1b[n] 1  > , E ( n )  
n=N+l 
a, <ab>, E,... 
(9) 
n = 2 
n= 1 
Any structural decomposition of e={a, <ab>, E,...} is 
followed by the structural decomposition of the equations for c. 
For example, if с satisfies the balance equations 
d 
— с = \/*H + q , (10) 
dt 
according to the structural decomposition of с into the sum of 
i e 
,(n) 
c ( n )  = |a[n]', <a[n] 1b[n] 1>, E ( n',...!» the quation (10) is 
decomposed into the system of equations for с 
— c ( n )=\/*H ( n )+ I („) - I (£) + q(n), (n=l,2,...N+l). (11) 
Dt k=n+1 n  k = 0 K  
In d/dt = d/dt+v«Y7 (v - the velocity field defined on the same 
level as с ); D/Dt = d/ôt+<v> E X7; H and describes the 
diffusion of с and c^ n\ consequently; q and q ( n )  the sources of 
с and c ( n ), ( k) and (£) describe interactions between c' n >  and 
c ( k ). 
Interactions between c^ n^ (n=l,...,N+1) described by the 
system of equations (11) can be represented on the graph (9) in 
the following form, 
the syst, of eq. (11) 




( 1 2 )  
n = 2 
n=l 
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The symbols j in (12) correspond to (£) in (11) 
The graph i a 1 form of representation of the systems of 
equations of the type (11) makes the structure of the system (11) 
and, in particular, the invariance of the system (11) with 
respect to the number of structural levels under consideration 
more evident. 
II. The symmetry of the turbulent med i a. 
The main problem in describing turbulence on the continuum 
level description is the type of symmetry of the turbulent media. 
According to Richardson (Richardson, 1922), the turbulence 
can be treated as a motion of hierarchy of eddies with different 
scales. Kolmogorov (Kolmogorov,1941) noted that the large scale 
eddies deriving their energy directly from the mean flow are 
oriented by it. The circumstance that the existence of some 
prevailing orientation of eddies is characteristic only to large 
scale turbulence was used by Kolmogorov as the motivation of 
proposed by him theory of small scale turbulence regarded as 
isotropic and homogeneous (Kolmogorov, 1941). 
Due to the absence of suitable mathematical quantity 
describing the orientation of large scale turbulence, the ideas 
of Richardson and Kolmogorov fell into oblivion when building up 
concrete theories aimed to the description of large scale 
turbulence. 
From the mechanical point of view it is clear that the 
existence of any prevailing orientation in a turbulent media 
includes the continuum theories of turbulence in the class of 
mechanics of oriented media. The main principles of the mechanics 
of oriented media were established by E. and F. Cosserat 
(Cosserat E., Cosserat F. 1909). These principles were 
reformulated in the of modern continuum mechanics by Toupin and 
Truesde11 (Truesdel1, Toupin, 1960 and Toupin, 1962) and 
intensively discussed in 60-es in the theory of elasticity 
(Eringen, Muki Sternberg, Grioiy) and in hydrodynamics (Eringen, 
Ericksen, Leslie, Stokes, Arr iman, Cakeman, Cond iff, Dahler, 
Aero, Kuvshinski and others). For a detailed concept of the 
15 
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mentioned field of investigations, we recommend to sea the paper 
(Arr iman et. al, 1973 ). 
The idea that turbulent media could be regarded as oriented 
media provoked Eringen (Eringen, 1966 ; Eringen and Chang, 1970 ) 
to suggest that the principles worked out in the mechanics of 
oriented fluids could be applied in describing turbulence. Later, 
Nikolaevski (Ni kolaevski, 1969 and 1972 ) made a concrete attempt 
to relate the description of turbulence to the mechanics of 
oriented media. Due to the relationship between rotating degrees 
of freedom and the size of so called differential macro-volumes, 
the attempt of Nikolaevski was not successful. 
It became evident in the middle of 70-ies (Nemirovsky and 
Heinloo, 1978 ) that the determination of the internal rotational 
degrees of freedom had to be directly associated with the 
Richardson-Kolmogorov's conception of turbulence. This 
possibility seems to be rather intricate as it provides the 
possibility to overcome the existing contradiction between the 
ideological backgrounds of the descriptions of small-scale 
turbulence (based on Ri chardson-Kolmogorov conception) and the 
large scale turbulence (based on other conceptions). 
The named contradiction was surpassed after Heinloo had 
defined (Nemirovski and Heinloo, 1976) the specific measure of 
rotationa1-anisotгору of turbulent media. The proposed measure is 
defined as 
5 = <û*>, (13) 
where 
_* v'x R 
(R is radius of the momentary curve of the flow field of v 1 ; < > 
denotes averaging; x denodes the vector product.) 
It is easy to conclude that the condition fl t 0 denotes the 
existence of preferred orientation in turbulent media and 0=0 the 
absence of that orientation. In the first case the turbulent 
media is called rotat i onally anisotropic and in the second 
rotationally isotropic. 
It should be noted that : 1) condition 5*0 arises from the 
16 
correlation between kinematic and geometrical characteristics of 
the structure of a flow field; 2) interpretation of Û differs 
from that of the purely local characteristics of a flow field; 3) 
Q has been interpretated mechanically as the mean angular 
velocity associated with the rotational motion of turbulent 
eddies; 4) Q defined in every point of a flow field forms the 
continuum and 5) Ü is defined independently from the mean 
velocity <v> and differs in general from ы 
1 
w = — \/x<v> . 
2 
It is essential to note that the proposed definition of Q does 
not demand the def in i t i on'of the eddies , the latter being a very 
complicated problem. 
According to the laws in mechanics of continuums with 
internal rotational degrees of freedom (Eringen,1966 ; Ar iman et 
al.,1973 ), the full description of the motions of rotat i onally 
anisotropic turbulent media have to be based on independent laws 
of balance of a momentum and moment of momentum: 
D _ _ +  1 
о — <v> = \/*P + - \/xp + of , 
X  Dt 2 X  
D 
о — M = \/*Q - p + от 
^ Dt x  
where the moment of momentum M is defined accordingly 
definitions of Û as 
M = <M*> 
where 
M* = v'X R = R2Q* . 
The other quantities in (15), not mentioned above, are : 
symmetric part of the stress tensor ; p - dual vector 
antisymmetric part of the stress tensor ; Q - moment 
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(17) 




(per unit mass) of mass forces and mass moments. 
After defining the effective moment of inertia J 
Jû = <RaÛ*>, (18) 
the expression for M will take the form 
M = JS. (19) 
Let's note that in the case of 5*0 the turbulent energy 
Eturb=l/2<v»2> is divided into the sum 
J  
,2 ^ „(о) E = — Û + E (20) 
2 
where 
E(0) = - <M*'#Q*'> . 
2 
The first term on the right hand side of (20) can be 
interpreted as energy of large scale (oriented) eddies and the 
second as energy of relatively small scale (not oriented) eddies. 
Due to the structural decomposition of turbulent media into 
N structural levels, the system of equations (15) is transformed 
into the system (Heinloo, 1984; pp.68-72) 
D _ 1 N _ . . 
о — <v> = \/»P + - Z \/xp + nf , 
x Dt 2 n=l " 
ç — M ( n )  = "V»Q ( n )  - p(n> + Z (n) - k Z 1 (y.) * pm(n ' 
x Dt k=n+l n k=l K " 
(n=l,2,...N) where M*n1 is defined as 
M(n) = < v t n]'xR[n]'> =j(n)û(n) . (22) 
The terms ( k) and ({J) in (21) describe interactions between 
M*k  ^ and M^n^. The meaning of other quantities in (24) is 
analogous to the analogous terms in (17). 
Let's note that according to (7), (19) and (22), 
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JÛ = Z J(n)û(n). (23) 
n= 1 
The total turbulence energy corresponding to the situation 
described by the system of equations (21), is decomposed into the 
sum 
N N+l 
E = Z Z E p (24) 
n=l p=n 
where 
E(np) = - <M(n)[p]'•5(n)[p]'> 
( Q ^ n  ^  = <M(n^/R[n]'2>) describes the sublevels of energies E^n * 
with different ranges of reqular i ty. 
The total system of the equations of energy balance, 
describing energy scatterings in the media, corresponding to 
the expansion (24), has the form (Heinloo, 1984 ; pp. 76-82 ): 
D ™ , v ,
м 
, N N+l 
— E )  = \/*h U  - Z Z 
Dt n=0 p=n 
(25) 
D  p  _ "w»h* n p*+ N? 1 /к,p. n- 1  ,n,p, N y  1  ,n , S . P~* ,n,p. 
S 5T E n p  ™ X h  k=n+l(n'p)™ k = 0 (k'p) s=p+l(n,p)~ s=n(n's) 
D zn. ... N+l N+l n n  
ri ( u ) \ V V / ' P \ Q E = \/*h + I Z ( 0 n) • 
" Dt n=l p=n u , p  
In (25): E ( N + 1 )  - the energy of mean flow, E* 0' - the internal 
energy, h ' N + 1  * , h^ n p*, h^' describes the diffusion of energies 
E'N+ 1>, E ( n p\ E* 0', the quantities in (25) under sum signs 
describe energy scatterings between the corresponding energetic 
levels. The expressions of different quantities in (25) have 
quite voluminous forms and can't be reproduced here. 
The types of energy interactions described on different 









presentations: (8) (24) (20) classical 
Higher organisation level of motions corresponds to higher 
positions of energetic levels in (26). Let's note that 
interactions between the energetic sub-levels (n,p) with 
different n occur only between these sublevels that correspond to 
the same range of order (to the same p). 
The detailed presentation of energy exchange processes in 
the media is essential, in particular, in motivating the specific 
constitutive equations for closing the system of equations (21) 
(or (15)) (Heinloo, 1984, p. 90). 
THE PRESENTATION OF DIFFERENT QUANTITIES 
IN TOE BALANCE EQUATIONS (15) and (21) 
The expressions for P+, Q, p and m in equations (15), 
deduced by (Heinloo, 1984, pp.64-66 ) using the Navier-Stokes 
equation can be presented in following form: 
P ={<o j j>~9<v'(iV j ) > , 
Q =fekis <?i jRs'>~9<Vj'Mk'>} , (27) 
1 
p = - —24 eki j<V jv' j>, 
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m = niQ+Ш2+ni2 +гпз+Ш4+Ш5 
whe r e  
mg  =  <  f ' xR ' > ,  
d 
mi = <v'X — R>, 
1  dt 
J 
m 2  = - (\/<v>)»2 , (28) 
1 
™3 = - '~ ekis < 0ij , Rs,j'*f' 
=i- ekis < vi' vj l > < Rs >, j>b 
m 5  = (<v l( jR s )Xv> i )j(. 
(In (27) and (28): 0 denotes the molecular stress tensor: 
0 =  î-p«ij + uv(j > j ) } 
(p is thermodynamic pressure, ôjj the Kronecker's symbol, u 
coefficients of molecular viscosity, V(, t j ) symmetric part of a 
gradient of tha velocity field); 
d Ъ 
— = — + (v + v 1  )«\/ 
dt dt 
and P*j = - 9 Vj'Vj'. 
In writing the expressions (27), (28) we confined with the 
case of'cons tant density. 
Let's note that the first of the equations in (15) is the 
Reynold's equation, but according to the equation of moment of 
momentum in (15), the turbulent part of the stress tensor has to 
be considered asymmetrical. 
An assumption of symmetry of the turbulent stress tensor in 
classical theories of turbulence is based on the interpretation 
of -^<v'jv'j> as a correlation functions between different 
components of the pulsating part of velocity field. It is easy 
to see that such interpretation of -<^< v ' j v ' j > is not adequate 
in its physical meaning as a component of the stress tensor. The 
latter assumes the differentiation of -<^<v 1  jv ' j> and 
21 
6 
—()< v 1  j v 1  j > that describe the stress situation on different planes 
of the differential volume. When the internal moment of momentum 
is defined, -ç<v'i v1 j > and -^<v1 jv'j > do not compensate each 
other and the turbulent stress tensor appears to be asymmetric 
(Heinloo, 1984, pp. 66-68). It is substantial to note that the 
answer to the question about the symmetry of turbulent stress 
tensor depends always on the concrete interpretation of the 
moment of momentum. It gives relative content to the statement 
about the symmetry of stress tensor. 
The expressions for the terms in (23), (24) have the 
following forms (Heinloo, 1984, pp.68-72 ): 
N 
= I P 
n = 0 
+ (n) 
, v n , . N n-1 
Qvn' = -o E <v [ к ]'M [к] ' > — I [к,n + Z [n,k] (29) 
^ k=l k=n+l k=0 
(k> = {-9<e k i s(v i[k]'Vj[kJ ,)[k]R s[n]' >j> + 
j ( n )  
,n) 
+  <? — v  i , j ûk + S<ekis v ( j [k]'Rs)[k] ' v i[n] , j j > } ,  
Ä n  = 4 n )> mi n ) +  4 n ) +  ^ n ) +  m£ n )  + m£n) 
where : 
P+(n) = l-ç<v(i[n]'vj)[n]'>}, 
[n,к] = - {9e k i s(v i[k]'Vj[k] ,)[k]R s[n] ,} >  
m^ n )  = <f[n]>xR[n] 1> , 
, . _ à 
mi = <v[n] 'X (— + v[n-l ]«V )R[n] 1 > , 
j(n) 
m ^ n )  =  —  ( \ 7 < v > ) » Û ( n ) , (30) 
m^ = {- — e k  j so j jR s[n]' e  j >}, 
Ц
П )  
= {~ ek i s <v j[n]'vj[n]'><R S> jj{ 
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m£ n )  = {e k i s < V ( j [n] ,R s )[n]'>v i i j  
It is easy to conclude that 
N , . N N . n-1 N , . _ 
I Q = Q, I ( I <n)~ E (C)) =0, Z m^ n ,= m r  (31) 
n=l n=l k=n+l n  k=l K  n=l r  
( r = 0, 5) 
CLOSURE OF THE EQUATIONS OF BALANCE 
All the above said is valid for every turbulent media, but 
the deduced equations of balance do not determine the situation 
uniquely. The necessary additional information has to be based on 
certain supplementary concept of the processes in the turbulent 
media. 
The necessary additional information can be divided into 
three classes: restrictions to the structure of the media, 
restrictions to the energy processes resulting from the cascade 
nature of energy scatterings in the media and constitutive 
equat ions. 
a) The restr i et i ons to the structure of the turbulent med i a. 
<R> = 0 (<R[n]'>=0), 
<v (j'R s )> = 0 (<v (j[n ] 'Ri )tn ] « > = 0), (32) 
<Ojj'R S jj> = 0 (<o ij[n]'R S )j[n]'> =0). 
The kinematic meaning of first restriction in (8) needs no 
special explanation. It is shown (Heinloo,- 1984 , p.94) that the 
second restriction in (32) means the absence of correlation 
between |M*| and the direction of v'. The third restriction means 
(Heinloo, 1984, p.94) the distinguished role of molecular 
dissipation in describing large scale turbulence (associated with 
the Q field). 
The expression for m* 1  ' can be presented in the form 
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6* 
( H e i n l o o ,  1 9 8 4 ,  p . 9 5 )  
п /  1  *  =  < v 1  X  v * >  +  — (Y7< v > ) * û  ( 3 3 )  
2 
w h e r e  v *  i s  v e l o c i t y  o f  t h e  d i s p l a c e m e n t  o f  t h e  c e n t e r  o f  
c u r v a t u r e  o f  v 1  s t r e a m  l i n e .  U s i n g  ( 3 3 )  f o r  t h e  f u l l  e x p r e s s i o n  
o f  m a s s  m o m e n t  i i i  w e  s h a l l  h a v e  
m  =  J (Y7< v > ) » Q  +  < v 1 x v * > )  +  <  f 1 x R 1 >  ( 3 4 )  
L e t ' s  n o t e  t h a t  t h e  t e r m  < v 1  x  v * >  i n  ( 3 4 )  c a n  b e  
i n t e r p r e t e d  a s  t h e  m o m e n t  a s s o c i a t e d  w i t h  t h e  l o s s  o f  m e a n  
o r i e n t a t i o n  i n  t h e  e n v i r o n m e n t  d u e  t o  s p l i t t i n g  o f  e d d i e s  d u r i n g  
t h e i r  m o t i o n  ( H e i n l o o ,  1 9 8 4 ,  p .  9 5 ) .  
T h e  e x p r e s s i o n s  f o r  m * n )  i n  t h e  e q u a t i o n s  ( 2 1 )  w i l l  h a v e  
s i m i l a r  t o  ( 3 4 )  f o r m s  
- ( n )  =  j < n > ( \ 7 v ) » Q ( n )  +  < v [ n ] > x v * [ n ] • > )  +  < f [ n ] * x R [ n ] ' > ,  ( 3 5 )  
b )  T h e  r e s t r  i  e t  i  o n s  t o  e n e r g y  p r o c e s s e s .  
T h e r e  a r e  t h r e e  d i f f e r e n t  t y p e  o f  u n r e v e r s i b l e  p r o c e s s e s  i n  
t h e  t u r b u l e n t  m e d i a  ( H e i n l o o ,  1 9 8 4 ,  p p . 9 0 - 9 1 ) :  
I .  m o l e c u l a r  d i s s i p a t i o n  c o n v e r t i n g  e n e r g y  i n t o  h e a t  o n  d i f f e r e n t  
e n e r g e t i c  l e v e l s  ;  
I I .  o p e r a t i o n  o f  t h e  s y m m e t r i c  p a r t  o f  s t r e s s  t e n s o r s ,  P + ' n  '  
c o n v e r t i n g  t h e  e n e r g y  o f  m e a n  f l o w  i n t o  e n e r g i e s  E ( n n ) ,  
-  ( N n 1 ; N n 1 )  =  -  P + ( n ) "\7< v >  5  0  ;  
I I I .  c a s c a d e  p r o c e s s  o f  e d d i e s  g e n e r a t i o n ,  c o n v e r t i n g  t h e  
e n e r g i e s  E ' n p  *  i n t o  e n e r g i e s  E ' n s  ^  w i t h  s = n , . . . , p - 1 .  I n  t e r m s  o f  
t h e  e q u a t i o n s  o f  e n e r g y  b a l a n c e  ( 2 5 )  t h e  j u s t  s a i d  m e a n s  t h a t  t h e  
p a r t  o f  w o r k s  ( £ ; P )  d o  n o t  i n c l u d e  t h e  w o r k s  o f  t h e  m a s s  m o m e n t s ,  
i s  a l w a y s  n o n - p o s i t i v e ,  
-  / n  '  P  )  <  n  l n , s '  S  U '  
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T h e  p o s i t i o n  I  f o l l o w s  f r o m  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  T h e  
p o s i t i o n s  I I ,  I I I  c a n  b e  r e g a r d e d  a s  a d d i t i o n a l  p o s t u l a t e s  t h a t  
d e t e r m i n e  t h e  d i r e c t i o n  o f  e n e r g e t i c  p r o c e s s e s  i n  t h e  t u r b u l e n t  
m e d  i  a .  
c )  T h e  c o n s t  i  t u t  i  v e  e q u a t  i o n s .  
T h e  t h e o r y  w o r k e d  o u t  i n  ( H e i n l o o ,  1 9 8 4 ,  p p . 8 9 - 9 6 )  i s  b a s e d  
o n  t h e  f o l l o w i n g  c o n s t i t u t i v e  e q u a t i o n s :  
P + ( n )  = [ u ( n ) < v > ( 1 , j ) } ,  
p ( n )  =  2 f ( n ) ( 2 Q ( n ) - V 7 x < v > ) ,  
e ( n ) + 6 ^ n )  
- ç > < v  [  к  ]  ' M ( n )  [ k ]  1  > =  { -  û k " ^ 5 i  j  +  9 i n ) $ i i ? j  +  e ^ n > s j ? i  1 .  
( 3 6 )  
[ k , m  = 1 x i k ' n ) ( 4 k ) - 4 n ) ) , k  +  х ^ к ' п ) ( й 5 к ) - а 5 п ) ) 1 Г  
+  X ^ k * n ) ( û | k ) - û | n > ) ) j ,  
( к ,  =  v ( k , n )  ( 5 ( k ) _ 5 ( n ) ) t  
j ( n )  
( j < v [ n ] ' x v  [ n ] ' > = - 4 œ  Q  +  ^  — —  ( \ / < v > ) * Õ  
w h e r e  u ( n )  ;  в [ п )  ,  e £ n )  ,  * } k ' n ) ,  * £ k ' n ) ,  * S k ' n )  ;  * < л ) ;  œ ( n ) ;  
t r  < k , n ^ > o  a r e  t h e  c o e f f i c i e n t s  d e s c r i b i n g  t h e  d i f f u s i o n  o f  
m o m e n t u m  a n d  m o m e n t  o f  m o m e n t u m ,  t h e  f r i c t i o n  d u e  t o  r e l a t i v e  
r o t a t i o n  o f  e d d i e s  t h e  t r e n d  t o  t h e  i r r e g u l a r i t y  o f  t h e  
o r i e n t a t i o n  o f  e d d i e s  d u e  t o  t h e i r  i n t e r a c t i o n  a n d  t h e  
i n t e r a c t  i o n  
b e t w e e n  d i f f e r e n t  Q ( n )  ( n = l , . . . , N ) ;  ' n ) =  * k )  ,  f ( k • n ) =  t r ( n ' k )  
A c c o r d i n g  t o  ( 3 0 ) , ( 3 1 )  a n d  ( 3 6 )  t h e  e x p r e s s i o n s  f o r  P * s * ,  Q ,  
p  a n d  w i l l  h a v e  t h e  f o r m s :  
P  +  = Î V < V ( i >  ,  j ) } ,  
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(37) 
w h e r e  
p  =  2 f ( 2 Q  -  \  /  X  <  V  >  )  ,  
0 1  +  0 2  
Q  = { -  — - —  û k , k s i j  +  e l û i , j + e 2 û j , i }  
-  (  1  )  -  _  
=  - 4 œ Û  +  ( )  - (  \ / < v >  )  * Q  
У = ? y ( n )  
n = l  
a n d  T ,  s e  a n d  6 r  ( r = l , 2 )  a r e  d e f i n e d  a c c o r d i n g  t o  t h e  
r e l a t  i o n s h i p s  
f  Q  = Z  ï > ( n ) û ( n )  , sQ =  Z œ ( n ) û ( n )  ,  9 r û  =  Z  e£ n ) Q ( n )  ,  ( 3 8 )  1  n = l  6  n = l  r  n = l  
T a k i n g  i n t o  a c c o u n t  ( 2 3 )  a n d  ( 3 8 ) ,  i t  i s  e a s y  t o  c o n c l u d e  
t h a t  t h e  c o n s t i t u t i v e  e q u a t i o n s  ( 3 6 )  a r e  i n  a c c o r d a n c e  w i t h  t h e  
p r i n c i p l e  o f  s t r u c t u r a l  i n v a r i a n c e .  
L e t ' s  n o t e  t h a t  t h e  q u a n t i t i e s  
f  =  f ( n ) / J ( n ) ,  œ  =  œ ( n ) / J ( n )  a n d  0  =  9 < n ) / J ( n )  
d o  n o t  d e p e n d  o n  t h e  s c a l e s  o f  t h e  d e s c r i b e d  p r o c e s s e s  d e t e r m i n e d  
b y  J ( n ) .  
T H E  E Q U A T I O N S  O F  M O T I O N  
R e p l a c i n g  t h e  c o n s t i t u t i v e  e q u a t i o n s  f r o m  ( 3 7 )  i n t o  t h e  
e q u a t i o n s  o f  b a l a n c e  ( 2 1 ) ,  w e  g e t  t h e  f o l l o w i n g  s y s t e m  o f  
e q u a t i o n s  o f  m o t i o n  f o r  r o t a t  i  o n a l l y  a n i s o t r o p h i c  t u r b u l e n t  f l o w s  
( f o r  t h e  c a s e  o f  N = 1  ;  h e n c e f o r t h  v  d e n o t e s  t h e  a v e r a g e d  
v e l o c i  t y  )  ,  
D  
о  — v  =  - \ / p + (  V m o i + V  +  p  A v  +  2 " f \ / x Q  +  ( j > f  ,  
D t  ( 3 9 )  
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D  2 9 2 ~ e l  
— 0  =  е 1 А Й + —  \ / \ / * û  - 2 - £ ( 2 Q - \ / x v ) - 4 œ f l  +  
+ ^ J ( Y 7 v ) * û  +  < > < f ' x R > .  
T h e  e x p r e s s i o n  f o r  <  f ' x R ' >  d e p e n d s  o n  t h e  s p e c  i  f  f  i  с  n a t u r e  
o f  t h e  m a s s  f o r c e s  f .  
L e t ' s  n o t e  ( N e m i r o v s k i ,  H e i n l o o ,  1 9 8 0 ) :  
I .  I f  J  — > 0  ( R — > 0 ) ,  0 i ,  0 2 > T  >  ®  — > 0  a n d  t h e  e q u a t i o n  o f  t h e  
m o m e n t  o f  m o m e n t u m  i n  ( 3 9 )  i s  r e d u c e d  t o  t h e  c o n d i t i o n  o f  
s y m m e t r y  o f  t h e  s t r e s s  t e n s o r  a n d  t h e  e q u a t i o n  o f  m o m e n t u m  
t o  t h e  B o u s s i n e s q u e  a p p r o x i m a t i o n  o f  t h e  R e y n o l d ' s  e q u a t i o n  
D  
^  — V  =  - \ f p + ( v m o i + y  ) / _ \ v  +  < j f  .  ( 4 0 )  
I I .  I f  J ? 0 ,  < f ' x R > = 0 ,  œ = 0 ,  f r o m  t h e  c o n d i t i o n  Q  =  с о  i n  e v e r y  
p o i n t  o f  t h e  f l o w  f i e l d  f o r  s o m e  i n i t i a l  t i m e  m o m e n t  t  =  t g ,  i t  
f o l l o w s  t h a t  Û  r e m a i n s  e q u a l  t o  t o  f o r  a l l  t > t g .  T h e  e q u a t i o n  o f  
t h e  m o m e n t  o f  m o m e n t u m  i n  t h i s  c a s e  i s  r e d u c e d  t o  t h e  G r o m e k o -
L e m b a  e q u a t i o n  a n d  t h e  e q u a t i o n  o f  m o m e n t u m  t o  t h e  e q u a t i o n  
( 4 0 )  ( w i t h  t h e  r e l a t i o n s h i p  b e t w e e n  v i s c o s i t y  c o e f f i c i e n t s  
0 1 = J ( V m o i + V ) .  T h e  s t r e s s  t e n s o r  i n  t h i s  c a s e ,  a s  i n  t h e  p r e v i o u s  
c a s e ,  a p p e a r e s  t o  b e  s y m m e t r i c .  
I I I .  I f  t h e  v e l o c i t y  f i e l d  i s  p o t e n t i a l  a n d  t h e  m a s s  m o m e n t  i s  
a b s e n t  ( < f ' x R ' > = 0 )  f r o m  t h e  c o n d i t i o n  Q = 0  i n  e v e r y  p o i n t  o f  t h e  
f l o w  f i e l d  f o r  s o m e  i n i t i a l  t i m e  m o m e n t  t = t g ,  i t  f o l l o w s  t h a t  5  
r e m a i n s  e q u a l  t o  0  f o r  a l l  t  > t g •  T h e  e q u a t i o n  o f  m o m e n t u m  i n  
t h i s  c a s e  i s  r e d u c e d  t o  t h e  e q u a t i o n  f o r  p e r f e c t  f l u i d s  a n d  t h e r e  
a r i s e s  n o  q u e s t i o n  a b o u t  t h e  s y m m e t r y  o f  t h e  s t r e s s  t e n s o r .  
T h e  p o s i t i o n s  I , I I  a n d  I I I  i n c l u d e  t h r e e  d i f f e r e n t  w a y s  t o  
a s c e r t a i n  t h e  c o r r e s p o n d e n c e  o f  e q u a t i o n s  o f  t h e  s u g g e s t e d  t h e o r y  
t o  t h e s e  o f  c l a s s i c a l  t h e o r i e s .  
F o r  o f  N > 1 ,  t h e  s y s t e m  o f  e q u a t i o n s  ( 3 9 )  w i l l  t a k e  
t h e  f o r m  ( H e i n l o o ,  1 9 8 4 ,  p p . 9 7 - 9 8 ) :  
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D  N  ,  .  N  ,  .  ,  .  
о  —  V  =  - \ / p + ( v m o i + V +  Z  f  )  / \ v  +  2  Z  X  \ / x Û  + P f ,  
n  D t  m o 1  n  =  1  *  —  n  =  l '  v  ( 4 1 }  
- 5«"'= ? (a < k' n >/\0 < k ).b < k' n )\7Y7.0 < k >-c ( k' n ,5 < k >)* 
x  D t  n = l  —  
+  2  c ( n ) \ 7 x v ) + ç J ( n ) ( \ 7 v ) » 5 ( n ) + 9 < f [ n ] ' x R [ n ] 1 >  
w h e r e  n  =  l , 2 . . . N :  a * k , n *  ,  b * k , n '  4  c ^ k , n ^  a r e  t h e  m a t r i c e s ,  
d e f i n e d  b y  t h e  c o e f f i c i e n t s  n ' ,  э [ л  ,  6 ^ n ' ,  x j  k ' n  ^ ,  
X ^ k , n ) ,  X ^ k , n ) ,  t T  ( k , n )  i n  t h e  f o l l o w i n g  w a y :  
f o r  k = n  
a(n,n) = e(n) +  t(k,n) i  b(n,n) = e(n) +  (n) +J^ ( %(k,n) + x(k,n) )  
e ( n . n ) .  4 ( ! t ( n ) + œ ( n ) ) +  Z  V k ' n ) ,  
0  k  =  l  
f o r  k ^ n  
a ( k , n ) = _ x ( k , n )  b ( k , n ) = _ x ( k , n ) _ ^ ( k , n )  c ( k , n ) = _  o j . ( k , n )  
T h e  s p e c i a l  c a s e s  o f  t h e  e q u a t i o n s  o f  m o t i o n  ( 4 1 )  
c o r r e s p o n d i n g  t o  t h e  t u r b u l e n t  b o u n d a r y  l a y e r  a n d  t o  t h e  c r e e p i n g  
f l o w  h a v e  b e e n  d e r i v e d  i n  ( H e i n l o o ,  1 9 8 4 ,  p p . 1 0 6 - 1 0 9  a n d  1 1 1 - 1 1 4 ) .  
T H E  E Q U A T I O N S  O F  T R A N S P O R T  
I n  t h e  c a s e  o f  r o t a t  i  o n a l l y  a n  i  s o t  r o p h i  с  t u r b u l e n c e ,  t h e  
t u r b u l e n t  p a r t  o f  t h e  v e c t o r  o f  d i f f u s i o n  o f  a n y  s u b s t a n c e ,  с ,  
g t u r b  _  _ < у . с . > 1  
i n  t h e  e q u a t i o n  o f  b a l a n c e  
D  m o l  _  , v - r . ^ t u r b  
—  с  =  к  A c  + \ / * H  
D t  
28 
w h e r e  k m o 1  i s  t h e  c o e f f i c i e n t  o f  m o l e c u l a r  t r a n s p o r t  o f  с ,  c a n  b e  
p r e s e n t e d  a s  t h e  s u m  ( H e i n l o o ,  1 9 8 4 ,  p . 1 9 3 )  
H t u r b  =  < Q ' x ( c ' R ) ' >  +  Q x < c ' R > ,  ( 4 2 )  
w h e r e  t h e  f i r s t  a n d  s e c o n d  t e r m s  d e s c r i b e  t h e  t r a n s p o r t  o f  с  
r e s u l t i n g  f r o m  t h e  a c t i o n  o f  s m a l l  s c a l e  ( r o t a t  i  o n a l l y  i s o t r o p i c )  
a n d  l a r g e  s c a l e  ( r o t a t  i o n a l l y  a n i s o t r o p h i c )  " p a r t s "  o f  
t u r b u l e n c e .  S o  f a r  s m a l l  s c a l e  t u r b u l e n c e  c a n  b e  c o n s i d e r e d  
i s o t r o p i c  f o r  t h e  f i r s t  t e r m  i n  ( 4 2 ) ,  w e  s u g g e s t  t h a t  
< Q ' x ( c ' R )  ' >  =  k 0 V c  ( 4 3 )  
w h e r e  k g  d e n o t e s  t h e  d i f f u s i o n  c o e f f i c i e n t  f o r  s m a l l  s c a l e  
t u r b u l e n c e .  
A c c o r d i n g  t o  ( H e i n l o o  1 9 8 4 ,  p . 1 9 4 ) ,  < c ' R >  c a n  b e  e x p r e s s e d  
as 
<c' R >  =  -  k ^X7c -  k 2 $ 2 x \7c.  ( 4 4 )  
( k i  a n d  к 2  -  t h e  c o e f f i c i e n t s  d e s c r i b i n g  d i f f e r e n t  p r o p e r t i e s  o f  
t r a n s p o r t  p r o c e s s e s  w i t h  l a r g e  s c a l e  t u r b u l e n c e . )  
U s i n g  ( 4 3 )  a n d  ( 4 4 ) ,  t h e  e x p r e s s i o n  f o r  H t u r b ,  ( 4 2 )  w i l l  
t a k e  t h e  f o r m  
H t u r b  =  K »V7c ( 4 5 )  
К  =  k l  +  к  ! ( Q 2 1  -  Û Û )  +  k 2 E « Q  ( 4 6 )  
i s  t h e  t e n s o r  o f  t h e  t u r b u l e n t  t r a n s p o r t  o f  с  ( I  i s  t h e  u n i t  
t e n s o r ,  E  t h e  L e v  i - C i  v  i  t  t a  t e n s o r  ) .  
L e t ' s  n o t e  t h a t  d u e  t o  r o t a t i o n a l  a s y m m e t r y  o f  t u r b u l e n c e  
t h e  t e n s o r  К  i s  a s y m m e t r i c .  U s i n g  t h e  i d e n t i t y  
Y7* ( K ( a s )»\7c) = -I»\7c 
where K*as* is the antisymmetric part of the tensor K, 
I = VZxk = -k2X7xû, 
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a n d  к  i s  t h e  d u a l  v e c t o r  o f  t h e  t e n s o r  K * a s \  i t  i s  e a s y  t o  n o t e  
t h a t  t h e  e f f e c t  o f  t h e  a n t i s y m m e t r i c  p a r t  o f  t h e  t e n s o r  o f  
t u r b u l e n t  t r a n s p o r t  i s  a n a l o g o u s  t o  t h a t  o f  t h e  t r a n s p o r t  w i t h  
t h e  m e a n  v e l o c i t y  o f  i n c o m p r e s s i b l e  f l u i d .  
U s i n g  ( 4 5 )  a n d  ( 4 6 )  t h e  e q u a t i o n  f o r  с  w i l l  h a v e  t h e  f o r m  
à  _  _  _  
—  c + ( v - k 2 \ / x û ) « \ / c  =  V 7 » [ ( k m o l + k ) I > k 1 ( Q 2 I - Û Û ) ) « \ / c ] .  ( 4 7 )  
T h e  e f f e c t  o f  t h e  s u b s t a n c e  t r a n s p o r t  d e s c r i b i n g  t h e  
a n t i s y m m e t r i c  p a r t  o f  t h e  t e n s o r  К  w a s  u s e d  b y  T o o m p u u ,  H e i n l o o  
a n d  S o o m e r e  a s  o n e  o f  t h e  p o s s i b l e  m e c h a n i s m  f o r  f o r m i n g  t h e  
G i b r a l t a r  S a l t  A n o m a l y  ( T o o m p u u ,  H e i n l o o ,  S o o m e r e ,  1 9 8 9 ) .  
I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  u s u a l  a s s u m p t i o n  o f  t h e  
s y m m e t r y  o f  t h e  t e n s o r  К  i n  ( 4 5 )  h a s  n o t  b e e n  a r g u e d  a n d  i t  c o m e s  
o u t  f r o m  t h e  a b s e n c e  o f  t h e  s u i t a b l e  q u a n t i t y  ( a x i a l  v e c t o r )  
w h i c h  c a n  b e  a s s i g n e d  t o  t h e  a n t i s y m m e t r i c  p a r t  o f  t h e  t e n s o r  К  
i n  c l a s s i c a l  t u r b u l e n c e  d e s c r i p t i o n s .  
T h e  d e s c r i b e d  s i t u a t i o n  i s  g e n e r a l i z e d  f o r  t h e  c a s e  o f  N >  1  
i n  ( H e i n l o o ,  1 9 8 4 ;  p p . 1 9 2 - 2 0 2 )  
I n  m a n y  c a s e s ,  b e s i d e s  c o n s i d e r i n g  t h e  t r a n s f e r  o f  a n y  
s u b s t a n c e  o n  t h e  l e v e l  o f  m e a n  c o n c e n t r a t i o n ,  i t  i s  e s s e n t i a l  t o  
c o n s i d e r  o t h e r  s t a t i s t i c a l  m o m e n t s  o f  t h e  c o n c e n t r a t i o n  f i e l d .  
T h e  m o s t  i m p o r t a n t  r o l e  b e s i d e s  t h e  m e a n  c o n c e n t r a t i o n  i s  p l a y e d  
b y  t h e  d i s p e r s i o n  q  =  < c 1 2  >  t h e r e .  T h e  p r o b l e m s  r e s u l t i n g  f r o m  
d e s c r i b i n g  t h e  t r a n s f o r m a t i o n  o f  d i s p e r s i o n  i n  r o t a t i o n a l l y  
a n  i  s o t  r o p h  i  с  t u r b u l e n t  e n v i r o n m e n t s  w i t h  t h e  h i e r a r c h y  o f  
s t r u c t u r a l  l e v e l s  h a v e  b e e n  d i s c u s s e d  i n  d e t a i l  i n  ( H e i n l o o ,  
1 9 8 4 ;  p p  2 0 4 - 2 0 8  )  .  
S o m e  p r i n c i p l e s  o f  t h e  s u g g e s t e d  d e s c r i p t i o n  o f  d i s p e r s i o n  
t r a n s f o r m a t i o n  w e r e  u s e d  b y  A . T o o m p u u  i n  h i s  P h . D .  ( k a n d . n a u k . )  
d i s s e r t a t i o n  ( s c i e n t i f i c  c o - a d v i s e r  J . H e i n l o o )  a s  t h e o r e t i c a l  
b a c k g r o u n d  f o r  h i s  i n t e g r o - d i f f e r e n t i a l  m o d e l  o f  d i s p e r s i o n  
t r a n s f o r m a t i o n  o f  s c a l a r  s u b s t a n c e s  ( T o o m p u u ,  1 9 8 1 ) .  
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the turbulent media under the different fields of mass forces 
L e t ' s  d i s c u s s  t h r e e  s p e c i f i c  c a s e s  o f  m a s s  f o r c e s  f " :  t h e  
g r a v i t y  f o r c e  ( i ) ,  t h e  L o r e n t z  f o r c e  ( i n  t h e  c a s e  o f  e l e c t r i c a l  
c o n d u c t i v i t y  o f  •  t h e  m e d i a  u n d e r  t h e  i n f l u e n c e  o f  h o m o g e n e o u s  
m a g n e t i c  f i e l d )  ( I I )  a n d  t h e  i n e r t  i a l  f o r c e  i n  r o t a t i n g  s y s t e m s  
(iii). 
I .  T h e  c a s e  o f  g r a v i t y  f o r c e s  w i t h  t h e  c o n s t a n t  d e n s i t y  o f  
t h e  m e d i a  i s  t r i v i a l .  T h e  s i t u a t i o n  i s  t h e  m o s t  i n t e r e s t i n g  w h e n  
t h e  d e n s i t y  i s  n o t  s t r o n g l y  c o n s t a n t .  L i m i t i n g  w i t h  t h e  
B o u s s  i n e s q u e  a p p r o x i m a t i o n  
я  
* 
w h e r e  ç  i s  t h e  a c t u a l  d e n s i t y  o f  m e d i a ,  i t  c a n  b e  s h o w n  t h a t  
a l l  t h e  t e r m s  i n  e q u a t i o n s  o f  m o t i o n  ( 3 9  )  ( ( 4 1  )  )  w i l l  p r e s e r v e  t h e i r  
— — * — 
f o r m ,  e x c e p t  t h e  t e r m s  o f  a n d  ç < f ' x R >  r e p l a c e d  b y  ç  g  a n d  
< ^ * g x R ' > ,  i . e .  
ç f  =  9  g ,  ç m  =  < ç  g x R ' > .  
U s i n g  t h e  e x p r e s s i o n  ( 4 4 )  ( w i t h  c = o ) ,  w e  w i l l  h a v e  f o r  o f n  
( H e i n l o o ,  1 9 8 4 ,  p p . 5 9 - 6 1 )  
p m  =  -  k 2  g x \ 7 ç i * - k 1  [  (  g » Y 7 ç > *  ) - g \ 7 ç *  ]  * Q .  ( 4 8 )  
L e t ' s  n o t e  t h a t  d u e  t o  ( 4 8 )  t h e  e q u a t i o n s  o f  m o t i o n  ( 3 9 )  
* 
a p p e a r  t o  b e  c o u p l e d  w i t h  t h e  e q u a t i o n  o f  t r a n s p o r t  f o r  Ç )  ( o r  
f o r  с  i ,  C 2  ,  .  •  .  t h e n  ç > *  =  ç > *  (  c ^  ,  c 2 , . . . ) ) .  T h e  d e s c r i b e d  s i t u a t i o n  
i s  t y p i c a l  f o r  t u r b u l e n t  p r o c e s s e s  i n  t h e  s t r a t i f i e d  e n v i r o n m e n t s  
a n d ,  i n  p a r t i c u l a r ,  i n  d e s c r i b i n g  t h e  v e r t i c a l  e x c h a n g e  p r o c e s s e s  
i n  t h e  s e a  ( H e i n l o o ,  V ô s u m a a :  1 9 8 7 ;  V ô s u m a a ,  H e i n l o o ,  1 9 8 9 ) .  
T h e  d e s c r i b e d  s i t u a t i o n  i s  g e n e r a l i z e d  t o  t h e  c a s e  o f  N > 1  i n  
( H e i n l o o ,  1 9 8 4  ;  p p .  2 0 8 - 2 0 9  ) .  T h e  e n e r g y  b a l a n c e  o f  t h e  f l o w s  i n  
s t r a t i f i e d  e n v i r o n m e n t s  i s  d i s c u s s e d  i n  ( H e i n l o o ,  1 9 8 4 : p p . 8 2 - 8 8  
a n d  p p . 2 1 4 - 2 1 6 )  
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I I .  T h e  t e r m s  o f  ( ) f  a n d  < ) m  f o r  m e d i a  w i t h  e l e c t r i c a l  c o n d u c t i v i t y  
u n d e r  t h e  i n f l u e n c e  o f  h o m o g e n e o u s  m a g n e t i c  f i e l d  c a n  b e  
p r e s e n t e d  i n  t h e  f o r m s  ( H e i n l o o ,  1 9 8 4 ,  p p . 1 6 0 - 1 6 2 ) :  
o f  =  {  É x B  +  ( v x B ) x B  + a [ B x ( E + v x B ) ] } ,  
^  l + a 2 B 2  
p m ( n )  — —  [  ( B B + B 2 1  ) û ( n ) + a B 2 B x û ( n )  ] .  
T  2 ( l + a 2 B 2 )  
w h e r e  E  i s  t h e  s t r e n g t h  o f  t h e  e l e c t r i c  f i e l d ,  В  i n d u c t i o n  o f  
m a g n e t i c  f i e l d  a  t h e  H o l l ' s  p a r a m e t e r ,  о  e l e c t r i c a l  
c o n d u c t i v i t y ,  6  a  p a r a m e t e r  c h a r a c t e r i z i n g  t h e  c h a r a c t e r i s t i c s  o f  
p u l s a t i o n s  o f  a n  e l e c t r i c  f i e l d ;  e x p r e s s i o n s  ( 4 9 )  a r e  c o n f i n e d  
w i t h  t h e  c o n d i t i o n  < B > = B . )  
T h e  e x p r e s s i o n s  ( 4 9 )  c o u p l e  t h e  e q u a t i o n  o f  m o t i o n  ( 3 9 )  w i t h  
M a x w e l l  e q u a t i o n s  ( i n  m a g n e t o - h y d r o d y n a m i c a l  a p p r o x i m a t i o n ) :  
Ö B  
—  = - \ / x l  ,  \ / x B  =  v 0 j  ,  \ / * 1  =  \ / » B  =  0  ( 5 0 )  
o t  
w h e r e  u 0  i s  t h e  m a g n e t i c  p e r m e a b i l i t y  a n d  j  i n t e n s i t y  o f  t h e  
e l e c t r i c  c u r r e n t ,  
0 
j  =  [ Ë + ( v x B ) + a ( Ë + v x B ) ] .  
l + a 2 B 2  
T h e  b a l a n c e  e n e r g y  o f  m a g n e t o h y d r o d y n a m i c  t u r b u l e n t  f l o w s  i s  
d i s c u s s e d  i n  ( H e i n l o o ,  1 9 8 4 ,  p p . 1 6 3 - 1 6 6 ) .  L e t ' s  n o t e  h e r e  o n l y  
t h a t  t h e  t o t a l  e f f e c t  o f  m a g n e t i c  f i e l d  u n d e r  t u r b u l e n t  m e d i a  
a l w a y s  d i m i n i s h e s  t h e  t u r b u l e n t  e n e r g y .  
T h e  s y s t e m  o f  e q u a t i o n s  ( 3 9 ) ,  ( 4 9 )  w a s  u s e d  f o r  d e s c r i b i n g  
a n d  a n a l y z i n g  d i f f e r e n t  c a s e s  o f  t u r b u l e n t  f l o w s  o f  m e d i a  w i t h  
e l e c t r i c  c o n d u c t i v i t y  u n d e r  d i f f e r e n t  o r i e n t a t i o n s  o f  t h e  
i n d u c t i o n  o f  m a g n e t i ç  f i e l d  w i t h  r e s p e c t  t o  t h e  c h a r a c t e r i s t i c s  
o f  t h e  m e a n  f l o w  ( H e i n l o o ,  1 9 8 4 ,  p p .  1 6 6 - 1 9 1 ) .  T h e  e q u a t i o n s  f o r  
a  b o u n d a r y  l a y e r  i n  t h e  m a g n e t i c  f i e l d  a r e  d e d u c e d  i n  ( H e i n l o o ,  
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1 9 8 4 ,  p p . 1 8 8 - 1 9 1 )  
I I I .  T h e  e x p r e s s i o n s  f o r  i n e r t  i a l  f o r c e s  a n d  m o m e n t s  i n  t h e  c a s e  
o f  t u r b u l e n t  f l o w s  i n  r o t a t i n g  s y s t e m s  f o l l o w  f r o m  t h e  e q u a t i o n s  
( 3 9 )  a f t e r  t h e  r e p l a c e m e n t s  :  
D  D  _  _  _  D  d _ _ _ 
— V > — v+ <30xv , — ft > — ft + (3qXÛ 
D t  D t  D t  D t  
and 
V > V+ t i 0 x r  ,  f t  >  f t  +  C0 0 ,  
w h e r e  t h e  q u a n t i t i e s  i n  t h e  i n e r t i a l  s y s t e m  o f  c o o r d i n a t e s  a r e  o n  
t h e  l e f t  s i d e  o f  " — > "  a n d  t h e  s a m e  q u a n t i t i e s  i n  t h e  r o t a t i n g  
s y s t e m  o f  c o o r d i n a t e s  o n  t h e  r i g h t  s i d e  o f  " — > " ;  £ >  0  -  t h e  
a n g u l a r  v e l o c i t y  o f  t h e  s y s t e m  r o t a t i o n .  
A f t e r  t h e  n a m e d  r e p l a c e m e n t s  t h e  e x p r e s s i o n s  f o r  t h e  
i n e r t  i a l  f o r c e  a n d  m o m e n t  w i l l  h a v e  t h e  f o r m s :  
( > f  =  2 o v x  w 0  +  ( >  u ) 0 x (  w  0 x r  )  ,  
( 5 1 )  
(XTi = [4 ( f-œ) I  -  2 ç ) J E * f t  +  < j J Y 7 v ] * c õ 0 .  
some integrals of the equations of motion 
D e s p i t e  o f  t h e  v o l u m i n o u s  c h a r a c t e r  o f  t h e  e q u a t i o n s  o f  m o t i o n  
t h e s e  e q u a t i o n s  b e c a m e  l i n e a r  a n d  c a n  b e  i n t e g r a t e d  a n a l y t i c a l l y  
i n  m a n y  c a s e s .  L e t ' s  s u m  u p  s o m e  o f  t h e  i n t e g r a l s ,  d e d u c e d  i n  
( H e i n l o o ,  1 9  8 4 ) .  
1 )  H o m o g e n e o u s  f t  f i e l d  f o r  v ^ O  ( H e i n l o o , 1 9 8 4 ,  p p . 1 1 5 - 1 1 6 ) :  
f t ( n )  =  l C ^ n ) e x p ( À m t ) ,  ( 5 3 )  
m =  1  
w h e r e  C ^ , n  '  a r e  t h e  c o n s t a n t  v e c t o r s  a n d  a r e  d e t e r m i n e d  f r o m  
t h e  e q u a t i o n  
! = " • ' " ' *  V " 4 „ |  •  « •  
2 )  S t a t  i  o n a r y  f t  f i e l d  f o r  f t  =  (  0  .  f t [  1 1  '  (  x  )  ,  0  )  a n d  v - 0  ( H e i n l o o ,  
3 3 
1 9 8 4 ,  p p . 1 1 7 - 1 1 8 ) .  
T h e  i n t e g r a l s  o f  e q u a t i o n s  o f  m o t i o n ,  c o r r e s p o n d i n g  t o  t h e  
s i t u a t i o n  u n d e r  c o n s i d e r a t i o n ,  e x p r e s s e d  i n  t h e  f o r m  a n a l o g o u s  t o  
( 5 3 )  w h e r e  A m  a r e  d e t e r m i n e d  f r o m  t h e  e q u a t i o n  
•  a  (  к ,  n  )  i  2  _ c ( k , n )  . =  0 ]  
3 )  T h e  c r e e p i n g  flows : 
;,ç° - _L ? ? t<"> „<*."> 
U+T k=l n=l 1  T 1  
Q ( n )  = d ( n )v e  <7xv° - Z a (k,n)\7x^1(k) + \7 if (n) 
where v° and (j)j are defined from the equations 
-V7p + uef Av°+çf =0 
a n d  
Z а ( к , л )\7х\7хф 1 ( к )  + fi ( n )  = 0 
2  ( k )  
d ( n )  = Z [ c * ( k ' n ) ] _ 1   , <x ( k' n )  =  [ c * ( k ' n ) ] " 1 a ( m ' n )  k=l y+y 
(n) $(k) 
r v.<n),(n) „ < k. n>- - „(k,n)_, t 




d  » c* 
v + ï  
V p  ^ n  *  -  a n  a r b i t r a r y  f u n c t i o n  s a t i s f y i n g  t h e  e q u a t i o n  А  ( n *  =  
=Y7»Q ( n )  
t = ï ^ ( n ). 6  n  =  l  1  
4 )  T h e  P o i  s e u i 1 1 e  a n d  C o u e t t e  f 1 o w s  i n  t u b e s  ,  c h a n n e 1  s  a n d  
b e t w e e n  r o t a t  i n g  c v l i n d e r s  ( H e i n l o o ,  1 9 8 4 ,  p p . 1 1 8 - 1 3 4 ) .  
T h e  i n t e g r a l s  f o r  t h e  P o i  s e u i l i e  a n d  C o u e t t e  f l o w s  i n  t u b e s ,  
c h a n n e l s  a n d  b e t w e e n  r o t a t i n g  c y l i n d e r s  a r e  d e r i v e d  f r o m  ( 5 4 ) .  
T h e  c a l c u l a t e d  v e l o c i t y  p r o f i l e s  w e r e  c o m p a r e d  w i t h  t h e  
s e r i e s  o f  e x p e r i m e n t a l  d a t d  o f  N i k u r a d s e  ( N i k u r a d s e ,  1 9 3 6 ) ,  
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C o m p t e - B e l  l o t  ( C o m p t e - B e l  l o t  , 1 9 6 8  )  a n d  Z m e i k o v  a n d  U s t r e m e n k o  
( Z m e i k o v  a n d  U s t r e m e n k o , 1 9 6 4 ) .  A s  a n  e x a m p l e ,  i n  F i g . l .  t h e  d a t a  
o f  C o m p t e - B e l  l o t  ( t h e  c h a n n e l  f l o w ;  R e  =  l , 1 4  1 0 5 )  i s  c o m p a r e d  w i t h  
c a l c u l a t e d  p r o f i l e s  f o r  N = 1  a n d  N = 2 .  
T h e  e n e r g y  b a l a n c e  o f  c h a n n e l  f l o w  i s  d i s c u s s e d  i n  ( H e i n l o o ,  





F i g . l .  T h e  P o i s e u i l l e  c h a n n e l  f l o w :  p r e s e n t e d  t h e o r y  (  
c l a s s i c a l  t h e o r y  ( -  - )  a n d  e x p e r i m e n t  ( • ,  +  )  
— ) 
5 )  T h e  f l o w s  i n  t u b e s  a n d  c h a n n e 1  s  u n d e r  p u l s a t  i n g  p r e s s u r e  
f i e l d  
d p  
=  p 0  +  R e [ p i e x p ( - i  V  t ) ]  ( 5 5 )  
( H e i n l o o ,  1 9 8 4 ,  p p . 1 4 2 - 1 4 8 ) .  
A c c o r d i n g  t o  t h e  d e d u c e d  i n t e g r a l  o f  e q u a t i o n s  o f  m o t i o n ,  
c o r r e s p o n d i n g  t o  t h e  s i t u a t i o n  ( 5 5 ) ,  t h e  v e l o c i t y  p r o f i l e s  f o r  
t u b e  f l o w s  w i l l  h a v e  t h e  f o r m  
v  =  v 0 ( r )  +  R e [ v i ( r ) e x p ( - i V t )  
w h e r e  v 0 ( r )  i s  t h e  s o l u t i o n  o f  t h e  s t a t i o n a r y  P o i s e u i l l e  f l o w  
w i t h  è p / 6 z = p 0 ,  
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i  P i  
v i < r )  =  +  C i J 0 ( A r )  +  C 2 J 0 ( À * r )  
h  a n d  Л  a r e  d e f i n e d  f r o m  t h e  e q u a t i o n  
»  n  1  1  J  i  V  о  1  f e f  i  V  o J  
h  -  Ä  l —  -  i  V  0 (  +  - ) ]  (  )  =  0  
1  2  '  V  +  j f  6  y g f  1 2  v  +  [  0  
( J 0  -  t h e  m o d i f i e d  B e s s e  1  f u n c t i o n  o f  z e r o  o r d e r ;  
œ  6 1 <  V  +  V  
V e f  =  W  
œ +  t 4 v e f (t+8B) 
D e s p i t e  o f  t h e  s i m p l i c i t y  o f  t h e  d e d u c e d  v e l o c i t y  p r o f i l e ,  
i t  r e p r o d u c e s  e x a c t l y  t h e  b e h a v i o r  o f  r e a l  v e l o c i t y  p r o f i l e s .  A s  
a n  e x a m p l e ,  i n  t h e  F i g . 2 .  r e s u l t s  o f  t h e  r e a l i z e d  c o m p a r  i  s  i  o n  o f  
c a l c u l a t e d  p r o f i l e s  w i t h  e x p e r i m e n t a l  d a t a  ( B u k r e e v ,  S a h h i n ,  
1 9 7 6 ) ,  c o r r e s p o n d i n g  t o  V  =  Ю н  r a d . / s e k .  a n d  V  =  2 O T T  r a d / s e k  
f o r  t h e  t i m e  m o m e n t s  t n  =  n i r / 4  (  n  =  l ,  .  .  .  8  )  a r e  g i v e n .  




F i g . 2 .  T h e  c a l c u l a t e d  p r o f i l e s  c o m p a r e d  w i t h  
t h e  e x p e r i m e n t a l  d a t a  o f  B u k r e e v  a n d  S a h h i n .  
6 )  A r b i  t r a r y  o n e - d i m e n s i o n a l  f l o w s  i _ n  t u b e s ,  c h a n n e l s  a n d  b e t w e e n  
r o t a t  i  n g  c y l i  n d e r s  ( H e i n l o o ,  1  9 8 4 ,  p p .  1 4 8 - 1  5 5  )  .  
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T h e  i n t e g r a l s  o f  t h e  e q u a t i o n s  o f  m o t i o n  c o r r e s p o n d i n g  t o  
t h e  a r b i t r a r y  t i m e - d e p e n d i n g  b o u n d a r y  c o n d i t i o n s  a n d / o r  p r e s s u r e  
g r a d i e n t s  a r e  d e d u c e d  i n  t e r m s  o f  t h e  c o r r e s p o n d i n g  F o u r i e r  
s e r i e s .  
7 )  T h e  s  t e a d y  a n d  u n s t e a d y  M G D  t u r b u l e n t  f l o w s  [ n  c h a n n e  1  s ,  t u b e s  
a n d  b e t w e e n  r o t a t  i  n g  c y 1 i  n d e r  s  ( H e i n l o o ,  1 9 8 4 ,  p p .  1 6 6 - 1 8 8  )  .  
A l l  t h e  i n t e g r a l s  m e n t i o n e d  a b o v e  a r e  a l s o  d e d u c e d  f o r  t h e  
c a s e  o f  M G D  t u r b u l e n t  f l o w s  u n d e r  t h e  h o m o g e n e o u s  e l e c t r i c  a n d  
m a g n e t i c  f i e l d s  f o r  t h r e e  d i f f e r e n t  o r i e n t a t i o n s  o f  m a g n e t i c  
f i e l d  w i t h  r e s p e c t  t o  m e a n  f l o w .  I n  F i g . 3 .  t h e  c a l c u l a t e d  
v e l o c i t y  p r o f i l e s  a r e  c o m p a r e d  w i t h  t h e  c o r r e s p o n d i n g  
e x p e r i m e n t a l  d a t a  ( K o v n e r  a n d  L e v i n ,  1 9 6 4 )  f o r  f i v e  d i f f e r e n t  
H a r t m a n n  n u m b e r s ,  H a ,  i n  t h e  c a s e  o f  p e r p e n d i c u l a r  m a g n e t i c  
f  i e l d .  
F i g .  3 .  T h e  c a l c u l a t e d  
v e l o c i t y  p r o f i l e s  ( — )  i n  
t h e  c a s e  o f  p e r p e n d i c u l a r  
m a g n e t i c  f i e l d  c o m p a r e d  
w i t h  e x p e r i m e n t a l  d a t a .  
0,25 1JD 
I t  i s  s h o w n  t h a t  f o r  l o n g i t u d i n a l  a n d  t r a n s v e r s a l  m a g n e t i c  
f i e l d s ,  t h e  v e l o c i t y  p r o f i l e s  o f  P o i s e u i l l e  f l o w s  f o r  
s u f f i c i e n t l y  g r e a t  H a r t m a n n  n u m b e r  d i f f e r  f r o m  t h e  c o r r e s p o n d i n g  
p r o f i l e s  i n  t h e  c a s e  o f  l a m i n a r  f l o w s  o n l y  b y  v i s c o s i t y :  i f  f o r  
t h e  l a t t e r  c a s e  t h e  v i s c o s i t y  i s  m o l e c u l a r ,  i t  w i l l  b e  e q u a l  t o  
V  +  T  f o r  t h e  f i r s t  e a s e .  I t  m e a n s  t h a t  d e s p i t e  o f  t h e  
" l a m i  n a r  i  z a t  i  o n "  o f  v e l o c i t y  p r o f i l e s ,  t h e  m o t i o n  i t s e l f  r e m a i n s  
t u r b u l e n t .  T h i s  c o n c l u s i o n  i s  i n  t o t a l  a g r e e m e n t  w i t h  t h e  
e x p e r i m e n t a l  s t u d i e s  p u b l i s h e d  i n  ( B r a n o v e r  a n d  T s i n o b e r ,  1 9 7 0 ;  




i На» 18,9 
* Ha- 26,7 v  ^
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S O M E  O C E A N O L O G I C A L  A P P L I C A T I O N S  O F  T H E  P R O P O S E D  T H E O R Y  
T h e  o c e a n o l o g i c a l  a p p l i c a t i o n s  o f  t h e  p r o p o s e d  t h e o r y  
w i l l  b e  d e m o n s t r a t e d  o n  t w o  e x a m p l e s .  T h e  f i r s t  e x a m p l e  t r e a t s  
t h e  h o r i z o n t a l  e x c h a n g e  p r o c e s s e s  w i t h  l a r g e  s c a l e  e d d i e s  a n d ,  
t h e  s e c o n d  v e r t i c a l  e x c h a n g e  p r o c e s s e s  w i t h  s m a l l  s c a l e  ( b u t  
o r i e n t e d )  e d d i e s .  
1 )  L e t ' s  d i s c u s s  t h e  s i t u a t i o n  i n  t h e  f i r s t  e x a m p l e  t h a t  o c c o u r s  
i n  t h e  A t l a n t i c  O c e a n  d u e  t o  t h e  i n j e c t i o n  o f  t h e  M e d i t e r r a n e a n  
s a l t y  w a t e r  i n t o  t h e  O c e a n  ( T o o m p u u ,  H e i n l o o ,  S o o m e r e ,  1 9 8 9 ) .  
I t  i s  e s s e n t i a l  t o  a s s u m e  t h a t  d u e  t o  t h e  s t r o n g  v e r t i c a l  
s t r a t i f i c a t i o n ,  t h e  m o t i o n s  d e t e r m i n i n g  t h e  d e s c r i b e d  p r o c e s s e s  
a r e  q u a s  i - t w o - d  i m e n s  i  o n a l .  I t  m e a n s  t h a t  t h e  Q  f i e l d  i s  o r i e n t e d  
l o n g i t u d i n a l  t o  t h e  r a d i u s  r  .  I n  t h i s  c a s e  i t  f o l l o w s  f r o m  t h e  
e q u a t i o n s  o f  m o t i o n  ( i n  r o t a t i n g  s y s t e m  o f  c o o r d i n a t e s )  t h a t  
$ 2  =  -  a  a )  0 s  i n  n  ( 5 6 )  
w h e r e  a =  se/ee+f a n d  n  -  t h e  n o r m a l  t o  t h e  s e a  s u r f a c e .  
A s s u m i n g  t h e  a b s e n c e  o f  t h e  m e a n  f l o w ,  t h e  c o n n e c t i o n  ( 5 6 )  
d e t e r m i n e s  t h e  w h o l e  к  i  n e m a t  i  c a l  s i t u a t i o n  i n  t h e  r e g i o n  u n d e r  
c o n s i d e r a t i o n .  T a k i n g  i n t o  a c c o u n t  t h a t  Q  i n  t h e  t r a n s p o r t  
e q u a t i o n  ( 4 6 )  i s  d e t e r m i n e d  i n  t h e  a b s o l u t e  s y s t e m  o f  c o o r d i n a t e s  
a n d  u s i n g  ( 5 5 )  w e  w i l l  h a v e  ( i n  t h e  s p h e r i c a l  s y s t e m  o f  
c o o r d i  n a t e s )  
ö S  ö S  «  
- A  —  -  В  s i n 2 t r  — -  =  ( k m o l + k + B s i n  S T  )  AS ( 5 7 )  
о if do-
(  ^  a n d  ^  g e o g r a p h i c a l  l o n g i t u d e  a n d  l a t i t u d e ;  A  t h e  t w o -
( 2 ) d i m e n s i o n a l  L a p p l a c  i  a n  d e f i n e d  o n  t h e  s u r f a c e  i f  Д Г ;  A = k  ( l - a ) O 0 ,  
B = k * 1  * ( 1 - a ) 2  c ô  ;  S  s a l i n i t y  d e v i a t i o n s  f r o m  a r b i t r a r y  
h o m o g e n e o u s  s a l i n i t y  f i e l d ) .  
T h e  e q u a t i o n  ( 5 7 )  h a s  b e e n  s o l v e d  n u m e r i c a l l y  f o r  t h e  p a r t  
o f  A t l a n t i c  O c e a n  o f  - 7 0 1  <  i f  < - 8 ° , 1 2 * < t T  < 6 0 °  .  T h e  c a l c u l a t e d  
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s a l i n i t y  d i s t r i b u t i o n  h a s  b e e n  c o m p a r e d  w i t h  t h e  e x p e r i m e n t a l  
m a p  o f  G r i f f i t h s  a n d  H o p f  I n g e r  ( G r i f f i t h s  a n d  H o p f  I n g e r ,  1 9 8 4 )  i n  
f i g . 4 .  T h e  c a l c u l a t e d  d i s t r i b u t i o n  o f  s a l i n i t y  d e v i a t i o n s  f r o m  
a r b i t r a r y  h o m o g e n e o u s  s a l i n i t y  f i e l d ,  c o r r e s p o n d s  t o  t h e  c a s e  
k m o i + k < < B s i n % \  A =  1 ,  B = 0 , 0 3 .  T h e  b o u n d a r y  c o n d i t i o n s  a r e  t a k e n  a t  
t h e  w e s t e r n ,  n o r t h e r n  a n d  s o u t h e r n  b o u n d a r i e s  S = 0 ,  a n d  a t  t h e  
e a s t e r n  b o u n d a r y  è c / ô f  = 0 ,  e x c e p t  Ф  * 3 6 *  (  t h e  l a t i t u d e  o f  t h e  
S t r a i t  o f  G i b r a l t a r ) ,  w h e r e  f c c / b i {  =  l .  





F i g . 4 .  T h e  G i b r a l t a r  S a l t  A n o m a l y :  
f i e l d  s i t u a t i o n  ( a )  a n d  n u m e r i c a l  e x p e r i m e n t  ( b ) .  
L e t ' s  n o t e  t h e  g o o d  q u a l i t a t i v e  a c c o r d a n c e  a t  l e a s t  w i t h  
r e s p e c t  t o  t h e  n e x t  t w o  e f f e c t s :  t h e  t o n g u e - s h a p e d  f o r m  o f  t h e  
s a l i n i t y  d i s t r i b u t i o n  a n d  t h e  d i s p l a c e m e n t  o f  t h e  m a x i m u m  o f  
s a l i n i t y  t o w a r d s  t h e  e q u a t o r .  I t  i s  i m p o r t a n t  t o  e m p h a s i z e  t h a t  
t h e  o c c u r r e n c e  o f  t h e  n a m e d  e f f e c t s  f o l l o w s  o n l y  f r o m  t h e  
e x i s t e n c e  o f  p r e f e r e n t i a l  o r i e n t a t i o n  o f  t h e  e d d i e s  i n  t h e  G S A  
r e g i o n ,  d u e  t o  E a r t h  r o t a t i o n .  
2 )  I n  t h e  s e c o n d  e x a m p l e  t h e  o n e - d i m e n s i o n a l  m o d e l  o f  v e r t i c a l  
s t r u c t u r e  o f  t h e  s e a  ( H e i n l o o ,  V ô s u m a a , 1 9 8 4 ;  V ô s u m a a ,  
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H e  i  n i  o o ,  1 9 8 7  )  i s  t r e a t e d .  T h e  m o d e l  i s  b a s e d  o n  t h e  a s s u m p t i o n  o f  
h o r i z o n t a l  h o m o g e n e i t y  o f  a l l  h y d r o p h y s  i c a l  f i e l d s  a n d  l i n e a r  
s t a t e  e q u a t i o n  f o r  t h e  s e a  w a t e r .  T h e  s y s t e m  o f  e q u a t i o n s  o f  
m o t i o n  a n d  t r a n s p o r t  i n  t h i s  c a s e  w i l l  t a k e  t h e  f o r m :  
d v  d 2  v  
Ç  =  ( U + Ï ) ^ T  +  2 V / x 5  +  2 ? v x u > 0  
d û  d 2 Q  _  
ç j  —  =  6  — -  -  4 ( ^ + œ ) Û  +  2 | \ / x v  + 2 ^ J ß x o 0  +  
o T  ö S  
+  k o g  [ - a —  + 3 — ] û  
o z  o z  
à  à 2 E ( 0 )  1  О Т  ö S  
—  Е  =  f  -  +  k 0 g [ - o —  + ß — ] } E ( U )  
d t  ~  o z 2  t  o z  o z  
d v  „  1  9  d û  „  9  
+  +  ni j  -  5 I  +  9 I^I + 4 * Q  
d T  à  d T  
_ = _ [ ( k T + k o E< + k 2 Û Î )_ ] (  
Ô S  d  , n ,  d S  
_  .  - [ ( k s  +  k 0 E < ° > + k 2 Û 2 ) - ]  
( V  = ( V  ^  , v ^  , 0 ) ,  Q = ( Q ^  , 0 ) ;  k T  a n d  k g  -  t h e  c o e f f i c i e n t s  
( 5 8 )  
o f  
m o l e c u l a r  d i f f u s i o n  f o r  T  a n d  S  ;  t 0  -  t h e  c h a r a c t e r i s t i c  t i m e  o f  
m o l e c u l a r  d i s s i p a t i o n  o f  e n e r g y  E  *  0  ^  ;  a  a n d  ß  - t h e  c o e f f i c i e n t s  
o f  t h e r m a l  e x p a n s i o n  a n d  s a l i n e  c o n t r a c t i o n ;  z  -  t h e  v e r t i c a l  
c o o r d i n a t e ,  d i r e c t e d  d o w n w a r d )  
I n  t h e  c a s e  o f  t h e  a b s e n c e  o f  s t r a t i f i c a t i o n ,  t h e  s o l u t i o n  
o f  t h e  e q u a t i o n s  o f  m o t i o n  i n  ( 5 8 )  c a n  b e  e x p r e s s e d  i n  t h e  
a n a l y t i c a l  f o r m  ( H e i n l o o ,  1 9 8 4 ,  p p . 2 2 9 - 2 3 2 ) .  T h e  d e d u c e d  s o l u t i o n  
g e n e r a l i z e s  t h e  c o r r e s p o n d i n g  c l a s s i c a l  E k m a n ' s  s o l u t i o n .  
I n  t h e  c a s e  o f  e n v i r o n m e n t  s t r a t i f i c a t i o n ,  t h e  s y s t e m  o f  
e q u a t i o n s  ( 5 8 )  w a s  i n v e s t i g a t e d  n u m e r i c a l l y  f o r  t h e  n e x t  t w o  
c a s e s ;  
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a )  w h e n  k T ,  k g  < <  k g E * 0  ^  + k 2 $ 2 2  a n d  b )  w h e n  û  a n d  v  a r e  e q u a l  t o  
z e r  о .  
T h e  f i r s t  c a s e  w a s  i n v e s t i g a t e d  n u m e r i c a l l y  f o r  d i f f e r e n t  
( s t e a d y  a n d  u n s t e a d y )  b o u n d a r y  c o n d i t i o n s  o n  t h e  s e a  s u r f a c e .  T h e  
P h . D .  d i s s e r t a t i o n  h a s  b e e n  p r e p a r e d  b y  Ü .  V ô s u m a a  b a s e d  o n  t h e  
r e s u l t s  o f  t h e  r e a l i z e d  i n v e s t i g a t i o n s  ( f o r  a n  a c a d e m i c  d e g r e e  o f  
P h . D .  i n  g e o p h y s i c s ;  s c i e n t i f i c  a d v i s e r  J . H e i n l o o ) .  L e t ' s  l i s t  
o n l y  s o m e  r e s u l t s  o f  t h e  r e a l i z e d  i n v e s t i g a t i o n s ,  m o r e  
i n t e r e s t i n g  f r o m  t h e  p o i n t  o f  v i e w  o f  m e c h a n i c s .  
1 )  D u e  t o  t h e  d e c r e a s e  o f  t u r b u l e n c e  i n t e n s i t y  w i t h  t h e  i n c r e a s e  
o f  z ,  t h e  v e r t i c a l  p r o f i l e s  o f  T  a n d  S  t a k e  a  t y p i c a l  f o r m ,  
c o n s i s t i n g  f r o m  m i x e d  ( q u a s i - h o m o g e n e o u s )  l a y e r ,  " j u m p "  l a y e r  a n d  
a  n o n d i s t u r b e d  o r  p e r i o d i c a l l y  d i s t u r b e d  l a y e r .  
2 )  T h e  t h i c k n e s s  o f  t h e  m i x e d  l a y e r  v a r i e s  g r e a t l y .  T h e  m a x i m u m  
t h i c k n e s s  o f  t h e  m i x e d  l a y e r  i s  a c h i e v e d  a t  t h e  e n d  o f  t h e  
c o n v e c t i o n  a n d  i t  d e p e n d s  o n  t h e  d u r a t i o n  o f  t h e  c o n v e c t i o n .  
3 )  T h e  h a l o c l i n e  d e e p n e s s  i s  f o r m e d  d u r i n g  c o n v e c t i o n  a n d  i t .  i s  
a l w a y s  s i t u a t e d  d e e p e r  t h a n  t h e r m o c l i n e .  
4 )  A n y  " j u m p "  l a y e r  h i n d e r  t o  t h e  p e n e t r a t i o n  o f  t u r b u l e n c e  f r o m  
t h e  m i x e d  l a y e r  i n t o  t h e  l a y e r  u n d e r  t h e  j u m p "  l a y e r ,  b u t  d o e s  
n o t  h i n d e r  t h e  p e n e t r a t i o n  o f  t h e  m o m e n t u m .  
5 )  B e c a u s e  o f  t h e  l a s t  e f f e c t  a  s e r i e s  o f  s e c o n d  s t a g e  " j u m p "  
l a y e r s  m a y  b e  f o r m e d  u n d e r  t h e  m a i n  " j u m p "  l a y e r .  
6 . 1  S o ,  a s  t h e  m e a n  f l o w  i n t e r a c t s  w i t h  t h e  l a r g e  s c a l e  t u r b u l e n c e  
a n d  t h e  l a t t e r  i n t e r a c t s  w i t h  t h e  s t r a t i f i c a t i o n ,  t h e  m e a n  f l o w  
a p p e a r s  t o  b e  c o u p l e d  w i t h  s t r a t i f i c a t i o n  o f  t h e  e n v i r o n m e n t . D u e  
t o  t h e  m e n t i o n e d  i n t e r a c t i o n ,  t h e  v e l o c i t y  f i e l d  a p p e a r s  t o  b e  
m o d u l a t e d ,  f o r  e x a m p l e ,  b y  t h e  d i u r n a l  c h a n g e s  o f  v e r t i c a l  h e a t  
f l u x e s  t h r o u g h  t h e  s e a  s u r f a c e .  
T h e  s e c o n d  c a s e  w a s  i n v e s t i g a t e d  i n  t h e  t y p i c a l  f o r  d o u b l e  
d i f f u s i o n  a n d  s a l t  f i n g e r s  s i t u a t i o n s .  I t  i s  s h o w n  t h a t  d u e  t o  
d i f f e r e n c e  o f  t h e  c o e f f i c i e n t s  o f  m o l e c u l a r  d i f f u s i o n  f o r  T  a n d  
S .  t h e  r e l e a s e d  p o t e n t i a l  e n e r g y  t r a n s f o r m s  i n t o  t h e  t u r b u l e n t  
e n e r g y  b y  m e a n s  o f  t h e  s e r i e s  o f  t u r b u l e n t  " e x p l o s i o n s " .  A s  a  
r e s u i t  o f  t h e s e  " e x p l o s i o n s "  t h e  v e r t i c a l  p r o f i l e s  o f  T  a n d  S  
t a k e  t h e  t y p i c a l  s t a i r s - l i k e  f o r m .  
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THE CONCLUSIONS 
1 .  T h e  p r i n c i p l e s  o f  t h e  t u r b u l e n c e  m e t a t h e o r y  h a v e  b e e n  
f o r m u l a t e d  a n d  t h e  c o n c r e t e  t h e o r y  o f  t u r b u l e n c e  i s  b u i l t  u p .  
2 .  T h e  s u g g e s t e d  p r i n c i p l e s  o f  t h e  t u r b u l e n c e  m e t a t h e o r y  a r e  
b a s e d  o n  t h e  s y s t e m  t r e a t m e n t  o f  a  n u m b e r  o f  d i f f e r e n t  t u r b u l e n c e  
t h e o r i e s  a s  e l e m e n t s  o f  a  c e r t a i n  s y s t e m .  
3 .  T h e  p r o p o s e d  t h e o r y  b e l o n g s  t o  t h e  c l a s s  o f  c o n t i n u u m  
t h e o r i e s  o f  t u r b u l e n c e  a n d  a r e  b a s e d  o n  t h e  u n d e r s t a n d i n g  o f  
t h e  t u r b u l e n t  m e d i a  a s  h i e r a r c h i c  m e d i a  o f  s t r u c t u r a l  l e v e l s  w i t h  
t h e  r o t a t i o n a l  a s y m m e t r y  o f  k i n e m a t i c a l  s t r u c t u r e  o f  a  t u r b u l e n t  
f l o w  f i e l d .  
4 .  D u e  t o  t h e  r o t a t i o n a l  a s y m m e t r y  o f  a  t u r b u l e n t  f l o w  
f i e l d ,  t h e  e q u a t i o n s  o f  m o t i o n  a r e  b a s e d  o n  t h e  i n d e p e n d e n t  l a w s  
o f  b a l a n c e  o f  m o m e n t u m  a n d  m o m e n t  o f  m o m e n t u m .  
5 .  T h e  c o r r e s p o n d e n c e  o f  t h e  e q u a t i o n s  o f  m o t i o n  t o  t h e  
e q u a t i o n s  o f  c l a s s i c a l  t h e o r i e s  h a s  b e e n  d i s c u s s e d .  
6 .  T h e  r e s u l t s  o f  t h e  a p p l i c a t i o n s  o f  t h e  p r o p o s e d  t h e o r y  t o  
c o n c r e t e  s t e a d y  a n d  u n s t e a d y  t u r b u l e n t  f l o w s ,  i n c l u d i n g  M G D  
t u r b u l e n t  f l o w s  h a v e  b e e n  p r e s e n t e d .  
7 .  S o m e  r e c e n t  r e s u l t s  o f  t h e  a p p l i c a t i o n s  o f  t h e  p r o p o s e d  
t h e o r y  t o  o c e a n o l o g i c a l  p r o b l e m s  h a v e  b e e n  s h o r t l y  s u m m e d  u p .  
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TURBULENTS I FENOMENOLOOGILINE (KONTINUUM) TEOORIA 
J a a k  H e i n l o o  
R e s ü m e e  
T ö ö s  v a a d e l d a k s e  k a h t e  k ü s i m u s t e  r i n g i .  E s i m e n e  n e i s t  
k ä s i t l e b  e r i n e v a t e l  p a r a d i g m a d e l  p õ h i n e v a t e  t u r b u l e n t s i  
k i r j e l d a m i s e  t e o o r i a t e  o m a v a h e l i s e  s e o s t a t u s e  k ü s i m u s i . ,  n i n g ,  
t e i n e  -  t u r b u l e n t s e t e  l i i k u m i s t e  j a  t u r b u l e n t s e t e s  k e s k k o n d a d e s  
t o i m u v a t e  p r o t s e s i d e  k o n t i n u a a l s e  k i r j e l d a m i s e  p r o b l e e m e .  
E s i m e s e  p r o b l e e m i  k ä s i t l u s  p õ h i n e b  s ü s t e e m a n a l ü ü s i  
p õ h i m õ t e t e l .  E s i t a t u d  k ä s i t l u s  v õ i m a l d a b  s ü s t e m a t i s e e r i d a  
e r i n e v a t e l  e t t e k u j u t l u s t e l  p õ h i n e v a t e  t u r b u l e n t s i  t e o o r i a t e  h u l k a  
n i n g ,  k o n k r e e t s e l t ,  m ä ä r a t l e d a  t u r b u l e n t s e t e  l i i k u m i s t e  
k o n t i n u a a 1  s e t e  t e o o r i a t e  k o h t  j a  r o l l  ü l d i s e s  t u r b u l e n t  s i õ p e t u s e  
k o n t e k s t  i  s .  
T ö ö  p õ h i o s a s  k ä s i t l e t a k s e  a u t o r i  p o o l t  a a s t a t e l  1 9 7 2 - 1 9 8 4  
a r e n d a t u d  t u r b u l e n t s e t e  l i i k u m i s t e  k o n t i n u a a l s e  t e o o r i a  
ü l e s e h i t u s e  k ü s i m u s i .  E s i t a t u d  m a t e r j a l  p õ h i n e b  a u t o r i  p o o l t  
a v a l d a t u d  m o n o g r a a f i a l  " T u r b u l e n t s e t e  v o o l a m i s t e  
f e n o m e n o l o o g i l i n e  m e h a a n i k a "  ( T a l l i n n ,  " V a l g u s " , 1 9 8 4 ) .  
P õ h i l i n e  e r i n e v u s  e s i t a t u d  t e o o r i a  j a  v a s t a v a t e  
k l a s s i k a l i s t e  k ä s i t l u s t e  v a h e l  s e i s n e b  e r i n e v a s  k e s k k o n n a  
s ü m m e e t r i a  o m a d u s t e  k ä s i t l u s e s .  D e f i n e e r i t u d  t u r b u l e n t s e t e  
k e s k k o n d a d e  p ö ö r d e l i n e  m i t t e i s o t r o o p s u s  n i n g  m a i n i t u d  o m a d u s e  
s e o s t a m i n e  t u r b u l e n t s e t e  l i i k u m i s t e  k i i r u s v ä l j a  k e e r i s e l i s e  
s t r u k t u u r i g a  v õ i m a l d a b  p e a l e  k o n k r e e t s e  t e o o r i a  ü l e s e h i t u s e  
k õ r v a l d a d a  k a  o l u l i n e  j a  p i k k a  a e g a  k e s t n u d  i d e o l o o g i l i n e  
v a s t u o l u  v ä i k s e m a s t a a b i 1 i s e  j a  s u u r e m a s t a a b i l i s e  t u r b u l e n t s i  
k i r j e l d a m i s e  p õ h i m õ t e t e  v a h e l .  
T ö ö  v i i m a s e s  o s a s  a n t a k s e  ü l e v a a d e  e s i t a t u d  t e o o r i a  
r a k e n d u s t e s t  m õ n i n g a t e  k o n k r e e t s e t e  t u r b u l e n t s e t e  l i i k u m i s t e  j a  
t u r b u l e n t s e t e s  k e s k k o n d a d e s  t o i m u v a t e  p r o t s e s s i d e  k i r j e d a m i s e  1 .  
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1990: 
J a a k  H e i n l o o  
PHENOMEHOLOGICAL (CONTINUUM) THEORY OF TURBULENCE 
A b s t r a c t  o f  t h e  i n v e s t i g a t i o n s  p r e s e n t e d  t o  o b t a i n  
t h e  a c a d e m i c  d e g r e e  o f  D o c t o r  o f  M a t h e m a t i c s .  
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